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ABSTRACT 

Active RC network synthesis techniques with operational 
amplifiers are reviewed, discussed, and classified according 
to the nuiTiber of amplifiers and number of feedback paths in 
the circuit. After presenting the main properties of active 
RC netv7ork theory, various synthesis techniques are discussed 
and evaluated according to their merits, by means of sensi- 
tivity and stability theory. A modification to Lovering's 
circuit is proposed. 

Six design examples are presented to illustrate the appli- 
cation of the techniques and to observe the effect of nonideal 
active and passive components. The designs are practically 
realized, their performance is tested and experimental results 
are presented. Reasons for the discrepancies found between 
theory and experimental results are discussed. 
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I. 



INTRODUCTION 



A. HISTORICAL BACKGROUND 

Perhaps the first application of active RC networks 
occurred in 1931 when Crisson [1] at the Bell Telephone Lab- 
oratories built an active repeater, which functioned to make 
up losses in telephone lines. Scott [2] in 1938 discussed 
the use of RC networks in the realization of low-frequency 
selective circuits. At low frequencies industors became 
impractical because of their large size and it is impossible 
to achieve a satisfactory Q. Scott described an RC twin-T 
circuit in the feedback loop of a high gain amplifier which 
he used to design his wave aneilyzer. However the fundamentals 
of feedback amplifier theory had been elucidated and summa- 
rized by Bode [3] in 1945, and they have remained the basis 
of all subsequent work on feedback, stability and sensitivity. 

Shortly after Bode ' s work, Tellegen [4] in 1948 completed 
the class of passive network elements by his introduction of 
the gyrator. However the construction of an ideal passive 
gyrator has not, up to this time, 1970, proven successful, 
and many workers have been concerned with the construction of 
ideal active gyrators. Such gyrators are built with active 
elements and either have equal or unequal gyration immittances. 
The first of these gyrators were built by Bogert [5] and 
Sharpe [6], and realized v/ith vacuum tubes. Later in 1965 
Shenoi [7] built a transistorized gyrator and advanced a 
method of active RC netv.'ork synthesis using gyrators. 
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Tne invention of transistors in 1948 also made possible 
a number of useful and interesting active elements. One of 
these, the negative impedance converter (NIC) , v;as described 
by Merril [8] in 1951. Shortly after, Linvill [9, 10] in 
1953 designed an active RC filter using negative impedance 
converters. Since then a great deal of study of active RC 
circuits hcis appeared in the literature. 

There cire numerous reasons for the interest in active RC 
circuits and filters, some of which v;ill now be mentioned. 
Ideal passive RLC filters require the use of inductors and 
these, as has been mentioned before, are difficult or impos- 
sible to realize for low frequency use. Specifically, one 
requires a high quality factor, defined by 



0 = 



coL 

R. 



(I.l) 



where co is the angular frequency, L the inductance, and R 

Xj 

the positive resistance of the winding. Practical inductors 
are subject to stray capacitance, suffer from skin effect at 
high frequencies and also depend on the core material used, 
and also on several other factors. In practice, losses in- 
crease with frequency and Q becomes a complex function of 
frequency. In the low-frequency range practical inductors 
with reasonable Q become bulky and expensive. On the other 
hand, at high frequencies an inductor may look like a capac- 
itor due to parasitics . Practically, there is a lower limit 
and an upper limit in the frequency spectrum in v;hich induc- 
tors with good Q's and reasonable L's can be built. A prac- 
tical curve of the useful inductance range is shown in Fig. 
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I.l. As may be seen from Fig. I.l, crystal filters are 
useful in a somewhat higher but restricted frequency range. 
However, in the low-frequency range no practical realizable 
inductors exist, and it is this deficience which active RC 
filter synthesis has attempted to solve in the first instance. 




Figure I . 1 Useful Inductance Range in Frequency Spectrum 

[ 59 ] . 

Recently the appearance of integrated circuits with their 
small size, lightweight, low cost, low power consumption and 
high reliability have made the construction of active RC 
networks attractive and practical. RC active synthesis 
appears to have pursued several directions. 
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1 . Use of Operational Amplifiei 's 

The operational amplifier as a building block offers 
certain advantages to the circuit designer since good opera- 
tional amplifiers are readily available in integrated form. ' 
Their power consumption is modest, they are reliable, robust 
and cheap. Present disadvantages a3:e their limited fre- 
quency range, which sets a practical upper limit to their 
usefulness in RC active synthesis. Every RC active device 
can be constructed in terms of only R's, C's and operational 
amplifiers. 

2. Use; of Standard Second Order Filter: Sections 



of second-order filter sections may be used to produce the 
desired characteristics. The second-order filter section as 
a building block has been discussed by Moschytz [11], Kerwin, 
Huelsman, Nev/comb [12] and others and networks have been 
constructed with excellent characteristics and sensitivities. 

3. Simulation of Inductors 



active elements. Orchard [13] has pointed out that the resis- 
tively terminated LC ladder filters have low sensitivity to 
passive element variations . Consider for example the second- 
order lov7 pass ladder of Fig. 1.2. The transfer impedance 
of this filter is 



For many RC active realizations, certain coirODinatiors 



Industors may be constructed in terms of R, C and 



Z (s)- 



V;C5) 
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Figure 1.2 A Second Order Low-Pass Filter. 



Consider now the denominator. This may be written as 

5 2 . < 7-5 ) 

where 2_ <7^ = t2/t_ and ( cr- ^ -i- co/ ) - 'i / u C 

The Q is now defined as f z<r~ and if 

C7^ « 

the Q of the pole pair is 



r\ — ^ ^ 

Q - TV 



c 



(1.2) 



The sensitivity of Q with respect to variations in a network 
element E is 



dQ/q 

dE/t 

Using Eqs . 1.2 and 1.3 for R, L and C sensitivities are 
obtained 



(1.3) 



R 






9 

5 =: - «/z 

e ' 



These sensitivities are lov/ and are independent of Q. Thus 
a simple way of designing a good inductorless filter is to 
design an LC filter first and then replace the inductors by 
simulated inductors. Provided the simulated inductors have 



11 



good Q's and good Q sensitivities a useful filter will be 
obtained. 

B. SOME CONSIDERATIONS ON ACTIVE RC NETWORK THEORY 

Before the advent of integrated circuits, one of the main 
concerns of circuit design was to reduce the number of active 
elements as much as possible because of size cost, power and 
reliability considerations. Ilov/ever integrated circuits have 
eliminated this need because of the ease with which large 
numbers of transistors can be constructed on one die. Never- 
theless, some criterion or figure of merit which can be 
applied to the many synthesis techniques that have been pro- 
posed is rciquired. One criterion is the stability of the 
netv;ork to oscillation. Another useful criterion is the 
quality factor Q, and the sensitivity of the system function 
to active and passive parameter variations. These topics are 
now briefly discussed. 

1 . Stability 

A major problem in the design of an active RC network 
is stability. A passive RLC circuit can never become unstable 
with change of element values, because all its poles will 
always lie in the left half s -plane. An active network on 
the other hand, can become unstable with a slight variation 
of either a passive or active circuit parameter, because 
poles in the left half s-plane may then be shifted into the 
right half s-plane. 

The necessary and sufficient conditions for stability of 
a linear lumped finite (LLF) network can be stated as follows 
[ 14 ] : 
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a. A LLF network under a given mode of operation 

is strictly stable if the corresponding network function has 
no poles in the right half s-plane including the jw axis. 

b. A LLF network under a given mode of operation is 
stable or marginally stable if and only if the corresponding 
network function has poles in the left half s-plane and 
simple jw axis poles (if any) . 

2 . Quality Factor Q 

The quality factor Q of a passive inductor was given 
in Eq. I.l. Now consider 'an inductor simulated by a gyrator 
loaded v/ith a capacitor as shown in Fig. 1.3. 




Figure 1.3 Simulated Inductance by Gyrator. 



The nonideal gyrator is characterized by its two port 
admittance matrix 






8 . 









(1.4) 



v/here and G 2 are small numbers representing the input and 
output resistive losses, and g^ and gj^ represents forward and 
backward gyration admittances. From Fig. 1.3 



i 
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The input impedance of the loaded gyrator is obtained from 
Eqs . 1.4 and 1.5, 



Z (Si = 



( 1 . 6 ) 



Substituting s = jo3 in the Eq. 1.6 and specifying real and 
imaginary parts and yields 



R =1 -I 2- ^ < 'i- 3 g J? + ^ c‘ 4 



(I. 7a) 



a„- 






and so 



^,4"' = + j 






L 



Cc-i 



(I. 7b) 



( 1 . 8 ) 



As may be seen from Eq. 1.8, is identical to a lossy 

inductor where Q is given by 



eq 



W c ^ 



^ T. 3 i, ' ^ 

Note that Q is a complex function of frequency w which has 
a maximum Q value 



Q 



J Ca. ^ I 






at 






1-1- 



‘Jn Ob 



Gi, 



(1.9) 



Gu a 

Note also that as u becomes very large Q v/ill approach zero. 

It is also possible to treat the loaded gyrator of Fig. 
1.3 in a slightly different manner. The loaded gyrator v;ith 
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a capacitor of value across the input is considered as 
a resonant circuit, shown in Fig. 1.4 




Figure 1.4 A Resonance Circuit with Simulated Indvictance. 



The input impedance 



Z. Cs-)- 









1/) 



‘3 4- 

L- e^i 



1 ___ 



and its equivalent circuit is shown in Fig. 1.5 




Figure 1.5 Equivalent Circuit of Gyrator Resonant Circuit 
The maximum resonant Q of this connection can be shown to be 



[15] . 



Q 

^ iv\ 




(I. 10) 
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Thus the luaximum or resonant Q of any active RC one port 
network which simulates an inductor is seen to be a function 
of the elements of the gyrator two port matrix in Eq. 1.4. 
Equations 1.9 and I . 10 show that to obtain high Q inductors 
and high resonance Q, the gyrator must be designed v/ith values 
of and that are very small with respect to the gyration 
admittances. Therefore if high Q is desired, the active RC 
synthesis which realizes the circuit with highest Q is 
preferred. Sensitivity of Q with respect to active and 
passive network parameters is also an important factor in 
selecting a specific synthesis technique. Q may be defined 
also with respect to a second-order section as follows: 
Consider the bandpass transfer function 

TOO=-^ 

s -I 2. C/" -4- (. <7- ^ ■{ ) 

where K is the gain factor of the transfer function, o and 
to^ are the real part and the magnitude of the imaginary part 
of the pole pair. The locations of the zero and pole pair of 
T(s) is shown in Fig. 1.6. co^ is defined as the magnitude of 

the vector drawn from the origin to one of the poles. Hence 

2 ^ 2^2 
03 — Q +03 

n c 

The frequency response of T(s) is shown in Fig. 1.7 
The sharpness of the peak of the response is defined as the 
ratio of the resonant frequency to^ to the half pov;er band 
width where 

H J ~ ^ - 2- 

For very small band widths 

0 << to 

c 



16 




Figure 1.6 The Pole-Zero Diagram of a Second-Order System. 




Figure 1.7 The Frequency Response of Second Order Section. 
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hence 






IaJ 



Vi 






also G - 

Zcr 7.T 

Therefore for very small bandwidths the sharpness of the 
peak can be defined as Q. 

As may be seen from Fig. 1.6 the quality factor deter 
mines the location of the poles. If Q is high cT <.< i-Oc and 
this implies that these poles are located very near the jw 
axis. If the location of poles are sensitive to the varia- 
tions of network parameters, there is a possibility that the 
poles may drift into the right half plane. Then the circuit 
becomes unstable. Therefore a synthesis method which gives 
the least pole sensitivity (least Q sensitivity) should be 
selected . 

3 . Sensitivity 

Characteristics of active devices and parameters of 
passive components are subject to change for various reasons 
such as temperature, bias level, humidity, aging and so on. 
The point of concern here is the effect of these variations 
on the characteristics of the circuit to be designed. Specif 
ically parameter variations will effect pole zero locations, 
Q, gain and phase. Sensitivity is defined as a quantitative 
measure of the change in a network characteristics due to a 
change in the netv^ork parameter. Usually there are six 
sensitivities of interest. These sensitivities are: 

a. Gain sensitivity 

b. Phase sensitivity 

c. Polynomial sensitivity 
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d. Pole (zero) sensitivity 

e. Coefficient sensitivity 

f. Q sensitivity 

Since sensitivity is an important criterion in the design 
of active RC netv;orks, this subject will be discussed in 
more detail in the second chapter. 

C. ACTIVE ELEMENTS 

The commonly used active elements for active RC synthesis 
are negative impedance converter, the controlled sources, the 
gyrator, and the operational amplifier. The circuit sy)Tibolr> 
and the idealized characteristics of these active elements 
are shown in Figs. 1.8 through 1.14. 




V 



2-J 



o o 



f 



( 





e)V^ 







o 



Figure 1.8 The Voltage Controlled Voltage Source, 



In this study^ the operational amplifier has been selected 
as the active element because of its easy availability in 
integrated circuit form and its reliability over a wide range 
of frequency. Operational amplifiers find many applications/ 
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Figure 1.9 The Current Controlled Current Source 








o 


o 






I 

1-2- 




0 


o 




1 



Vj.T di, / 



Figure I . 10 The Voltage Controlled Current Source. 
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Figure 1.12 The Negative Impedance Converter 
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The Active Gyrator. 
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Figure 1.14 The Operational Amplifier 
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particularly in the areas of control systems, communications 
and analog computers. Because of their very low output 
impedances (ideally zero) , these amplifiers do not create 
any matching problem for the load circuits. All of the active 
elements described before can be easily implemented in terms 
of operational amplifiers. 

Given in Fig. 1,14 is the transfer characteristic. The 
gain A is assumed to be independent of the frequency, temper- 
ature, and the input voltage levels, and is assumed to 
approach infinity. Hence the input impedances are infinite, 
and the output impedance is zero. However, the characteristics 
of a practical amplifier deviate from the ideal. For example, 
gain is not infinite but begins from a high value at DC, and 
decreases almost monotonically with the frequency. A typical 
open loop frequency response curve of an operational amplifier 
is shown in Fig. 11.15, and is discussed further in section 
II. E. The phase characteristic is also a function of fre- 
quency. The input and output impedances are not infinite 
and zero respectively, both have finite values. Input currents 
are not zero and are not equal to each other; their difference 
is the input offset current. Output voltage is not only a 
function of the difference of the voltages at the two inputs 
(differential gain) , but is also a function of the magnitude 
of the input voltages (common mode gain) and the supply 
voltages. There is a dynamic range in the input and output 
voltage swings which if exceeded causes input and output to 
be nonlinearly related. Hence there is quite a difference 
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Figure 11.15 The Open Loop Frequency Response of an 

Operational Amplifier 

between the practical operational amplifier and its idealized 
model. The characteristics of the non-ideal operational 
amplifiers are usually supplied by the manufacturer in terms 
of the definitions given below. 

1. Input offset voltage: The voltage v/hich must be 

applied between the input terminals to obtain zero output. 

2. Input offset current; The difference in the currents 
into the two input terminals with the output at zero volts. 

3. Input bias current: The average of the two input 

currents . 

4. Input resistance: The resistance looking into either 

input terminal with the other grounded. 

5. Input capacitance: The capacitance 'looking into 

either input terminal with the other grounded. 
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6. Large-signal voltage gain; The i"atio of the maximum 
output voltage swing to the change in input voltage required 
to drive the output from zero to this voltage. 

7. Output impedance: The resistance seen looking into 

the output terminal with the output at null, i.e., the output 
is zero with zero volts input. 

8. Transient response: The closed-loop step function 

response of the amplifier under small signal conditions. 

9. Input voltage range: The range of voltage which, 

if exceeded on either input terminal, could damage the 
amplifier . 

10. Common mode rejection ratio; The ratio of differ- 
ential mode gain to common mode gain. 

11. Supply voltage rejection ratio: The rate of the 

change in input offset voltage to the change in supply volt- 
age producing it. - 

12. Output voltage swing: The peak output swing, referred 

to zero that can be obtained without clipping. 

13. Slew rate: Maximum rate of change of output voltage, 

for a large input step change (measured in volts per micro- 
second) . If these parameters are known it is possible to 
approach ideal amplifier performance for a specific design 
in a restricted frequency range. 
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II. ON THE SYNTHESIS OF RC-OPERATIONAL AIvlPLIFIERS 



A. REVIEW OF PROPERTIES OF RC NETWORKS 

Some of the properties of the different classes of RC 
networks are briefly reviewed as follows: 

1 . Passive RC Networks 

Passive RC netv/orks are considered as the positive 
resistance and positive capacitance (+R, +C) class of network. 
As is well known f the natural frequencies of driving functions 
are restricted to the negative real axis of the s -plane as 
shown in Fig. I I. la. 

A j vO 

■ b. ■ . 

Figure II. la - Location of Natural Frequencies. 

" II. lb - Locations of zeros of transfer functions 

of 3-Terminal Grounded Networks. 

Poles and zeros must be simple, hov/ever zeros of transfer 
functions may be located anywhere in the s-plane. Zeros of 
3-terminal network transfer functions may be located anyv/here 
in the s-plane except the positive real axis and on a wedge 
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of angle 2Tr/n radian surrounding it, where n is the degree 
of the numerator polynomial. This is shown in Fig. I I. lb. 
2. Active RC Networks, + R/ +C Networks [16,17] 

The stable natural frequencies must be located on 
the negative real axis as shown in Fig. II. 2a. 




Figure II . 2a - Locations of Natural Frequencies. 

" II. 2b - Locations of Poles and Zeros of Driving 

Point Functions. 

" II. 3c - Locations of Zeros of Transfer Function. 

Poles and zeros must be simple; zeros of driving point func- 
tions may be anywhere on the real axis as shown in Fig. II. 2b 
Zeros of transfer functions may be located anywhere in the s- 
plane as shown in Fig. II. 2c. This class of network is 
capable of voltage gain over the entire frequency range al- 
though Fig. II. 2 differs relatively little from the Fig. II. 1 
3. Passive RC and Gyrator Class of Networks [4, 18, 19 ]. 
It is well known that a capacitively loaded gyrator 
simulates at its inputs an inductor. Hence the RC-gyrator 
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class of networks must at least be as general as the RLC 
class of networks . Hence natural frequencies may be located 
anywhere in the left half of the s-plane including the jm 
axis as shown in Fig. II. 3a. 





Figure II. 3a - Locations of Natural Frequencies. 

" II. 3b - Locations of Zeros of Transfer Functions. 

Poles and zeros on the jw axis must be simple. Zeros of 
transfer functions may occur anywhere on the s-plane as shown 
in Fig. II. 3b. Because the gyrator is a nonreciprocal network 
element this class of network is capable of nonreciprocal 
behavior. 

4 . Passive RC-NIC or Operational Amplifier Class of 
Networks [20 , 21/ 22 ] . ~~ 

The stable natural frequencies must be located in the 
left half s-plane including the jm axis as shown in Fig. 

II. 4a. Natural frequencies on the ju axis must be simple. 
Zeros of driving point functions and zeros, of transfer func- 
tions may be located anywhere as shown in Fig. II. 4b. These 
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properties are also shared by the passive RC controlled 



source class of netv/orks. 





Figure II. 4a - Locations of Stable Natural Frequencies. 

" II. 4b - Locations of Zeros of Driving-Point and 

Transfer Functions. 



5 . RC Driving Point Function Synthesis [23] . 
a. Foster Forms 

An RC driving point impedance can be expressed 
in the form of a partial fraction expansion as follows; 



Ecs)- k 



5 



I 



k.- 



(II. 1) 



<■ 

Thus it can be synthesized as shown in Fig. -11.5.. This syn- 
thesis is known as first Foster form. Also for a given 
driving point admittance it is possible to expand Y(s)/s as 
in the form of Eq. II. 1. Then Y(s) can be expressed as 
follows : 



Yes') =. ko ^ S +- (I 

i 

Thus it can be synthesized in second Foster form as shown 
in Fig . II . 6 . 
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Figure II. 5. First Foster Form Realization of RC Driving 

Point Impedances. 




Figure II. 6 Second Foster Form Realization of RC during 

Admittances 

b. Cauer Forms 

Another way of expanding the RC driving point 
functions is the continuous fraction expansion. This contin- 
uous fraction expansion can be synthesized in one of the 
two Cauer ladder networks shown in Fig. II. 7. 

6. Synthesis of Complex Transmission Zeros with 
Parallel RC Ladders . ~ 

Active RC synthesis frequently requires the reali- 
zation of passive RC three-terminal networks. Two well known 
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methods are the Guillemin parallel ladder synthesis and the 
Fialkow-Gerst successive ladder development, which will 
subsequently be described. 






AA^ 



— AAy— , 



OL. 




H h 



I 



b. 

Figure II. 7a - First Cauer Form of the RC Driving Point 

Functions. 

" II. 7b - Second Cauer Form of the RC Driving Point 

Functions , 



Most of the active RC network synthesis techniques assume 
a predetermined structure together v/ith its associated net- 
work function. The circuit function to be realized is com- 
pared with this function and network parameters are deduced 
from this identification thus completing the RC network syn- 
thesis. As a specific example consider the structure shown in 
Fig. II. 8. This circuit consists of an operational amplifier 
with voltage current feedback provided by the passive RC 

three -terminal netv/orks N and N, , such that the voltage gain 

a b 

T(s) is given by 



31 



(II. 3) 



T(i<) = - M (i)/^ 

^ 2 y z ij 



Yl2a(^) is the transfer admittance of the three terminal 
RC network and transfer admittance of the 



Wb 




Figure II. 8 An Infinite Gain Structure 

other three terminal RC netv/ork Nj^ . When a rational poly- 
nomial N(s)/Q(s) is given as the voltage gain T(s) to be 
realized, then the ratio N(s)/Q(s) must be identified with 

the term “^i2a ■^^12b ^ usual selection is 

¥123(5) = N(s)/DCs) and ^ Q(s)/D(s). When form- 

ing TCs) only the numerator polynomials of the passive RC 

networks N and N, namely Y,- (s) and Y^„, (s) are retained 

a b 12a 12b 

hence the knowledge of N(s) and Q(s) is necessary but insuf- 
ficient to synthesize either network or Nj^ , since a 
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denominator polynomial D(s) is also required. The missing 
information can be found by a RC synthesis of one of the net- 
works, say N in terms of y,„ (s) and y, , (s) . 

As an example consider the numerator polynomial N(s) 
given for the synthesis of a three terminal RC network with 
parameter y 2 ^ 2 ^(s) and Then 



- tj = 



W(s) 



M C^.) ■- 

^44 



p(s) 



■* ' ' DCs) 

where DCs) is the required denominator and P(s) is the numer- 
ator of (s) which is arbitrary, but must be properly 
chosen. Note that no private poles are allowed in • 

If N(s) has all its roots on the negative real axis then the 
network can be synthesized by a single ladder. If N(s) has 
complex conjugate roots the network can be realized either by 
Guillemin's parallel ladder technique [24] or by Fialkow - 
Gerst's [25] successive ladder development. Now, these 
techniques are discussed as follows; 

a. Guillemin's Technique 

Given the numerator polynomial 

VI n ^ 

M(;>) = a s c( , s 4- - ^ a a n of the 

transfer admittance - y f sequence of Guillemin's 

technique is as follows; 

Cl) Divide the polynomial NCs) into smaller 
polynomials with real roots such that: 



N (^) = (•:>) + N 2 Cs) -4 



't N (i) 



where 
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i 



N Cs) = ci„ -h Cl s 






rj- I iri 

N (e,^ •= a s ■ f s 

(J rl — 1 vl 



N . (0 - Cl s 

N ' 



( 


^4 o ) 


( 4 


n vl) 



(2) Define a polynomial D(s) of degree n 
with negative real distinct roots such that 

D C 5>) - C s -I <5^; ) C s -i <r^ ) C s -\ <y\,) 

cr. > o o- <5-, < </ c/-^ 

(3) Define N transfer admittances such that, 



■ri 



Jl-tl , - 

0(t>) 12 



DCS) 



-*<1 D(s> 



thus 



A/ 



N 



M tS.) = — ) M (s) =- 

Jvr / -*12 0(t) 



AA.CO = 

^ DIS) 



<=■/ 

(4) Define a polynomial P(s) of degree n such 



that 



PCsl c. 



y 1 - t 



rl-'l 



4- 



* * ^ ^ ^ o 



= C s ) C i 6 .^ ) ( 5 + o ^ ) 

with the Fialkow - Gerst restrictions 



^ 



i O, A, 7, , n 
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and the interlace requirement 

<C 0~^ < o .j, < o' < < « n < 

The driving point parameter defined 



DCS) 

(5) Expand into an RC ladder using the 

zero shifting technique [23] such that the zeros of the 
transfer admittances “Y^^^ (s) are realized in y\, ^ (s) . This 



11 



is done N times for each Y 



.,(i) 



12 



i — \ f "2. / * * * N* 



to within 



a 



(6) This technique realizes each “Y 22 
multiplicative constant K^, such that 



on ly 



(0) 

t| (-•-) K lj (^) 

Before connecting the N three terminal RC networks corres- 
ponding to each pair Yj^j^Cs), - Y^2 parallel their 

admittance levels must be adjusted because of the above men- 
tioned constants K^, which are found by letting s = and 

considering the equality 



Lf C ^ 10) - ^ co) 

K e t . z c O c r c 2 

(7) Define a common scaling factor 




{-■i 



K such that 

(II. 4) 



Then multiply the admittance level of the 



. th 



1 



netvv'ork by 



^ for i = 1,2,- •*, N and connect the networks in parallel. 
^1 

The resulting network has a short circuit input admittance 
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% 



o f y^^is) , 



and a transfer admittance of (s) . 



As an example [26] consider a given numerator 
polynomial N(s) of a transfer admittance - namely 

KJ = 6^ + v'~2 s + i 

N(s) has a pair of comples conjugate poles at s= {-ill p / 

(1) N(s) is divided into two parts 

N^(s)= Vz s^ I ^ Nj (‘-J ^ 

(2) D(s) is defined 

D(s) = (s+1) (s+2) 

(3) Two transfer admittance result, namely 



(0 

- H (s) 
-^17- 



V z I \ 

( s -> \)( s-> r) 



o) 

- M (s) = 

-‘VL 



'I 

s 



( S •» \ j ( ^ ^ ) 



(II. 5) 



Thus 




s 4 N 2. s + -1 



(4) P(s) is defined 



C s ) = ( s 4- 7= 



O -h N 



f- A ^ ^ 

J 



t> 4 



hence 



P(j) (5 4 "f. ) ( 7 4 vQ- ) 
u (SJ = = 1 ll-lZ 

(S4 l)( S 4 A) 

(5) y]^ 2 _(s) is expanded twice, first realizing 

the zeros = - -(/VT ^ of -yj^^ (s) and secondly 

( 2 ) 

realizing the zeros z^ = Z 2 = 0 of ^^2 ' 

These expansions are 



1 : 






~fC 



i -f- {I ^ 



4 i 4 



y 



l.<u^ s 4 - *-!•- 

C-Zh 
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2 : 



M C^) 

4^ 





^ i 






4- 



2.2 :5 



4- 



n . 9 H- 

0. o 3 fc' z ^ 



and result in the structures shown in Fig. II. 9 and II. 10 




-i ■ t> c ^ 



O. 2 . ^-<2- 







— « 



Figure II. 9 First Expansion of y 2 ^j^(s) 




Figure II. 10 

( 6 ) 



Second Expansion of 
and are found as follows: 



The desired 
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values of are given by Eq. II. 5. The realized values 

are taken from Figs. I I. 9 and I I. 10, 



-S = o 



(t) 

O , - y (O) = O.^ ^ 



(') 



(c?) '= o . : 



iZ 






i'l 



Pc 2> » < t* C^ 



Therefore -- 1 



2 : 



a) 



U) 



C ex'>) “ 't 



, -LI ( Co) ;r: C>. O 

-*<7 -’<z 

2 . <• J 



Therefore = 0.053 

(7) K, K/K^ , K/K 2 are found from Eq. II. 4 
K = 0.0503 K/K^ = 0.0503 K/K^ = 0.95 

The admittance levels of the circuits are next adjusted by 
multiplying by K/K^ and K/K^ . The final circuit is shovm in 
Fig. II. 11. 



iS^.-n -n. 



Fl*? -i-L 
-vVv*^ — 



. t. 93,2 { 



7 7 -iX 
^\A/ 






0.o-iC2z( 



f7. 7 ^ 
-vVv^-— 






1 



2 . S 2 -n_ 



Figure II. 11 Example of Guillemin's Technique 
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b. Fialkow - Gerst Technique 

Guilleniin's procedure imposes a gain factor K 
on the (s) which might not be desirable in some cases. 
The procedure which will be discussed next gives the exact 
required transfer admittance. 

Given the numerator polynomial 

t\J( 5 ) - a,, ^ cAo of the 

transfer admittance ~yQ^2 sequence of the Fialkow - 

Gerst technique is as follows: 

(1) Define a polynomial P(s) of degree n such 

that 



PCs) 




rl 

S 4- 






Yl- ^ 



4- ^ ^ ^ o 



where 



= ( ^ -V- )( s-\ o-i ) • ' • - ( ^ 



(II. 6) 



and 

< 

as mentioned before in the Guillemin procedure. Then define 
the voltage transfer of a three terminal passive RC network 
as 

T(s) = ^ __ 

Pcs) M (S) 

The polynomial P(s) is identified as the numerator polynomial 
of Y22^^^' that Eq. II. 6 satisfies the Fialkow - 

conditions . 

(2) Define a polynomial D(s) of degree n-1 such 

that 

DCs) ~ C 4 ) C s 4 ) - - - - C ^ ^7,_ , ) 
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where 



< '^^ < < 



n 



Then define the driving point admittance 

tj cs) - 
2^ D(S) 

(3) Expand Y22^^^ canonical form 



n- < 



^ (i) 5 +- C -t 



'i L 

Then split Y into two parts 

x\--^ 

b -V 






< ~ t 



=( 



0(.i ^ ^ 



n- # 



S -i <7^: 



C -\- 






(II. 7) 



< “ 'f < -i 

where O <C ^ ^ • Define two driving point admittances 

(s) and ^ 22 ^ (s) 



‘-4!^''-' = C^ ■*' i_j i ) 

i -1 



(II. 8a) 



{'<!) 

(s) = ( C. -i- 



V I 



( i S 



s H ct;- 



(II . 8b) 






The parallel combination of three terminal passive RC networks 
shown in Fig. 11.12 implies Eqs . II. 7 and II. 8. 

(4) Multiply (s) and ^ 22 ^ D(s) . Note 

that this v-/ill give P(s) in two parts 

PCi) - i-ltilDCb) — LI (,s)DCb) -\ (si PCs) 

-'ri I ■’z I 

More specifically 



P(s) = P, (s) ^ P, (s) 




n - 1 




< 'O 



f f',- 



h 

r1 --t 







A - 
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Figure 11.12 The Fialkow - Gerst 3-Terminal Network 
(5) Split the numerator polynomial N(s) into 

tv 70 parts 

>)' I 

M (i ) = Cs) 4 (s) - S ^ 







where o < a. < h> 



, , o < cv . ^ i> 

•< J — ^ t 



f, rl - ( 

CX s 

I r 1 ^A. 






Note that a- 4 = a, 

^ . L -V 



/ 

and i) . 4 



Ct. b - the Eq. II. 9 can always be satisfied. 

(6) Identify the following terms 



(11.9) 



Since 



(b 


(S) = 


bci) 


(^) 

; CS) T-_- 


P^(S) 


2 2. 




DCS) 


DCS) 


(d 


fs) - 




tO 

, U 




A'L 




OU) 


DC 
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X 



NzCs) 

f^'i) 



(II. 10) 



T, (s) = 



(0 

. 



( 5 ) = - 



(?) 

•j^'*(s) 

"’zz 



T(s; 



Pis) 



N^(S)■^ |\l;Ci; 
Pd Is) -V cs; 



(<) (<-) 



'-I ( S) M C S) 

-’'ll ■’zi 



(II. 11) 



Note that the Eq. II . 10 gives the voltage transfer functions 
of the sub-networks shown in Fig. 11.12, and Eq. II. 11 gives 
the voltage transfer function of the overall network. Eq. 
II. 10 can bo rewritten as follows 



n-'t 






I- i - ( 



T,(M=- 



^ - O 



^,1 s -i- 



t Cl 



Us ’ ■ 



fi-.t - Y 



f yi- i 



h . . ^ d' 



+ h 



TCS) 




?/ n- / 

^ A---C 





n~ i 

S 1- - 



-t 




Note that both T^^(s) and (s) are at least one degree simpler 
i b td o T(s) . 

(7) Reduce the ^ 22 ^ ^33^ 

following form 
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, ,(t> 

y (i) 
21 



DCs) 






/ n- i -"i 

h . ^ 



i 

2 1 



'^71 



DCS) 






>. 



1^: •=> 
t f- < 



fi- i 






~ R 4- 



'f 



y ''Vs) 



This last reduction is shown in Fig. 11.13. 




Figure 11.13 Development of Fialkow - Gerst Synthesis 

Note that the two new subnetworks and have the same 

transfer functions T^(s) and T 2 (s) since 



L(s) - 



V, 






u 



1, CO - 



V. 

V, 



I , - o 



Jz = 



(8) Find the new transfer admittances as follows 
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Cz) 

'VA (^)- 

At this point of synthesis one cycle is complete. The 
transfer functions and the admittance matrix of the new sub- 
networks are known. If the transfer functions and admittances 
are of first degree they are realized as ladders. If their 
degree is greater than one, then the same cycle is repeated 
from beginning of the Step (3) for the sub-networks. Thus, 
the result is an expanding parallel ladder structure as shown 
in Fig. 11.14. 




Figure 11.14 Fialkow - Gerst Three Terminals RC Network. 
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As an example consider a given numerator 



polynomial of a transfer admittance - namely 

(V(i>) - 1- nTa 5 + ^ 

A polynomial P(s) is selected 

PCs) r: ( 5 -t ^ ) ( S 3 ) 



Hence 



T(s) rr - 



i H \T^ ^ ^ ^ 



S s i 3 



1 is defined by selecting a polynomial 



Thus 



D(s) = s + 2 



5 ^^ ^ liS ^ 'h ^ 5 

== ^4-1- ^ 



i> 4 



i 4 2- 



y 22^^^^ decomposed into tv/o parts 






->%t ^ ' \ “b 2^ 









5 4^- 



Multiplying and Y 2 ^^ D(s) gives the decomposition 

of P(s) 



PCs) = 3 S -t ^ ^ 



N(s) is also decomposed arbitrarily 

NW = s (5 ^ + (r s., 1) 

Hence T^(s) and '^2 found 



( ^ -< Vci ) 






(5 rV^,) 



U(s) 






45 



(s) and (s) are reduced and (s) and y (s) 

are determined according to 



>/ 






(<) 

tl 



C^) 



2. + 6 ^ ^ 

■f s+5' ~ ^ 



S +- 2 



2^ 



5 -> 3 



=r 0.572 d- 



v;;vs, 



whe re 

( d 

V 2 2 C -^ ) = V 5 4 - '2 o.-Z-S 



(z) 

(O “ 6. -i 2 5 4 (0.5 



ct n <r* 






ro (?) 

'^.(2 ^T,cs)y 0)^2.2 Cs-) 5.r 

‘ t 2 2 



Since the new transfer functions and admittances are of 
first degree there is no need to recycle again. Thus the 
final network is given in Fig. 11.15. 

Both Guillemin's and Fialkow - Gerst's techniques 
are long and tedious. The Fialkow - Gerst Synthesis becomes 
very cumbersome for degrees greater than four. Guillemin's 
technique is done in one cycle, however if the degree is 
greater than three it is only possible to find and by 
substituting a value of s=0 and s=". For , i=2 , 3 , • • • ,N-1 
a numerical value for s=jw. must be substituted and this is 
also a long and tedious process. Further, the zeros of N(s) 
which lie in the right half of the s-plane cannot be realized 
by these techniques. For the second degree functions it is 
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Figure 11.15 The Example of Fialkow - Gerst Synthesis 

possible to use some well investigated circuits such as the 
twin-T and bridged-T circuit. Such circuits and their 
characteristics can be found in literature [14, 27, 28]. 

B. STABILITY 

The necessary and sufficient conditions for stability 
were mentioned in the introduction. Consider now a single 
loop negative feedback circuit shown in Fig. 11.16, so as to 
study the stability of active RC structures. 

The closed-loop gain of this system is: 



Vq _ 
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Figure 11.16 A Single Loop Negative Feedback System 



where A^(s) is the open-loop gain and A^(s ) -3 is termed the 

loop gain of the system. If [l+A^(s)- 3 ] vanishes at some 

frequency to , then — will become infinite and there is 
o Vj- 

a jw axis pole at which indicates instability of the 

closed loop system. If [1+A^(jw^)3] = 0/ then 1 o t ^ 1 --1. 
And so / Hq ( j )yQ =tt or an odd multiple of it. The Bode 
criterion for strict stability follov/s from these remarks: 

A single-loop feedback circuit is strictly stable if 
at the unity crossover frequency of the loop gain, the 
phase angle is less than 180'^. 

Assirme that the Bode plot of the loop gain is as shown in 
Fig. 11.17. The figure shows that the phase of the loop gain 
reaches 180° between CO 2 and while the gain rolls off 
12db/octave. Therefore, Bode ' s criterion can be restated as 
follows: A single loop feedback circuit is strictly stable, 

if at the zero db crossover frequency to^ of the loop gain, the 
loop gain has a slope of less than 12db/octave. 

If there are tv/o active RC structures which realize a 
circuit function and if one of them is unstable, then certainly 
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the stable one must be selected unless it is desired to 
build an oscillator. However, if both of the structures 
are stable, then the more stable one must be selected. The 
measure of stability called the gain margin and phase margin 
is also shown in Fig. 11.17. The gain margin is defined as 
the gain increase needed to drive the system into instability. 
The phase margin is defined as the phase difference between 
zero crossover frequency and 180°. In most cases a satis- 
factory phase margin guarantees a good gain margin. However, 
cases exist in which both margins should be considered. 



C. SENSITIVITY 



The sensitivity function which was first mentioned in the 

introduction is now defined. 

1 . Se nsitivity Function 

T { s ) 

The sensitivity Sj^ of the network function T(s,k) 
due to the variation of the parameter k is [14] 



c]T(5,k)/T(s.k) 

k cl k /i< 



( 11 . 12 ) 



The sensitivity function assumes an . incremental 
change in parameter k. From Eq . 11.12 tvv/o relations can be 
derived: 



I 






Further if 



then 



T 



s - s • s 

/-^ l . ‘-^1 






k 



2 . Gain Sensitivity and Phase Sensitivity 

For the sinusoidal steady state s = jw and so T(s) = 
T ( j (o) . Hence 
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O 
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Figure 11.17 The Bode Plot of the Loop Gain of the 

Feedback System Shown in Fig. 11.16 
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^T(/vv) ^ ,4 1 ( JLO’)/ I (juv) 

'^K "" clk/k 

writing T(jw) which is complex, in polar form yields 

The gain and phase sensitivities are now defined as follows: 

^ It 

Gain sensitivity “ 

Phase sensitivity = 

3 . Polynomial Sensitivity 

For some applications only numerator or denominator 
polynomials of a circuit function may be of interest. For 
example, in bandpass transfer functions the denominator 
polynomial of the transfer function determines the response. 
For this case the polynomial sensitivity is defined as 
follows: The polynomial sensitivity of a polynomial D(s,k) 

with respect to the variable parameter k is: 

o(s, k) ^ d 0( s, k )/p (^J<) 

" clk/k 

4 . Zero Sensitivity and Pole Sensitivity 

It has previously been mentioned that the motion of 
poles and zeros from the left half s-plane to the right half 
s-plane can render a circuit unstable. Hence zero and pole 
sensitivity is of great importance in active RC network 
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i 




theory. For example in a highly selective bandpass filter 
the change of location of the poles can be very crucial in 
two respects. First the change of pole location causes the 
resonance frequency to drift which might violate the 
specification to be met. Second, and more important, if the 
selectivity is high then the original locations of the poles 
are near to the jm axis and a drift may cause them to move 
into the right half of the s-plane. In that case, the 
system becomes unstable. Hence it is important to minimize 
pole (zero) sensitivity. 



Let s = p^ be a pole (zero) of T(s,k) when k takes its 
nominal value. The pole (zero) sensitivity of T(s,k) is 
then defined as: 



^ • Coefficient Sensitivity 

The coefficients of the numerator and the denominator 
polynomial of a network are implicit functions of the variable 
parameter k. The sensitivity of the coefficients with respect 
to the variation of parameter k is defined as follows: 



be a polynomial of interest. The coefficient sensitivity is 
then defined as; 



Pole (zero) sensitivity is defined as follows [14]: 



e ^ d f i 

' Sr.f 



Let 
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C*.. I / 

dk/k 

6 . Q Sensitivity 

The Q sensitivity with respect to a variable 
network parameter k is defined as 

* k c( k / k 

The Q sensitivity and the pole sensitivity of a 
complex conjugate pair of -poles are related [14], Since 

OJi 



Q 



Z.O' 



it can be proven that [29] 



S =-2C-r 

k 






<• 



7. Int errelations betv/een Sensitivities 

Six kinds of sensitivities have been defined above. 
They are not completely independent from each other as will 
be shown now. 

a. Pole and zero sensitivities. These are related 
to the sensitivity function of a netv/ork function. Consider 
a network function T(s) . 



TC--) ■= K 



c - ^ 

TT o-p.) 



where k is the gain factor or multiplier. By simple sub- 
stitutions it can be proven that the relation between the 
pole, zero sensitivities and sensitivity function is as 
follows [30]. 
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Tit) 




b. Polynomial root sensitivity: 

Suni of the root sensitivities of a polynomial will be 
presented v;ith the aid of bilinear forms of a network 
function . 

Let k be a variable network parameter and T(s,k)' 
any network function of the form: 



D Cb, K) 

It is possil^le to express (T(s,k) as follows: 

' ' D (s, k ) D ^ 

and this is called a bilinear form. Consider a polynomial 
P (s) . 






- - -f- C b 4 - t< CL ) 5 ( b -» k t 



54 



The sum of the root sensitivities of P(s,k) with respect 
to the variable parameter k can be expxessed as follows [31]. 



n 




The relations between the root sensitivities and 
the coefficient sensitivities follows: 

it- - ( ^ s:-) V 

I ~i 



[14 






n c< / 



I L-r ■(-) (.?„ -S,") 



— n 



[32] ^ S 






>- < -O 



where 

U' ^ -I 

dPC:>>/d^ 

‘ a 

D. COMPARISON OF DIFFERENT RC ACTIVE STRUCTURES 

The active devices which are used in RC active network 
synthesis have already been presented in the introduction. 
Each device has its own advantages and disadvantages. For 
example, operational amplifiers are cheap and readily avail- 
able, on the other hand, they are not ideal because their 
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gain is finite and neither the input nor the output impedance 
are infinite or zero respectively. Moreover extreme care 
must be taken to ensure circuit stability. Nevertheless 
successful designs do exist and it appears that the RC - 
operational amplifier combination will become the standard 
filter building block. Moschytz's [11] and Newcomb's [12] 
designs may be mentioned in this respect. 

Controlled sources have also proven successful as active 
devices. Some of the circuits listed by Sallen and Key [33] 
have excellent sensitivities. The finite gain amplifiers 
necessary for these structures can be built with infinite 
gain operational amplifiers connected in feedback configuration. 
The overall finite gain is then the ratio of two resistances 
and this procedure leads to excellent gain stability. 

Gyrators are also good devices to build active RC struc- 
tures in the low-frequency range, provided that they have 
small input and output losses . In the introduction it was 
found that they can provide high Q's with careful design. 

NIC's have an inherent disadvantage because in good designs 
they suffer from sensitivities which are proportional to Q. 

This may be seen by considering a second order denominator 
polynomial with high Q. 

D( s] •= 5 + 2. ry- 6 a- 

This function can be decomposed into two parts, one of 
which has negative real roots and the other has the root 
s = 0 . 

D (s) +- 2 i 1- ) — 1< 
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where 2a = y ~ and k is the conversion factor of NIC. 
Such a decomposition has the best pole sensitivity as 
proved by Horowitz [34] . 

Now the Q can be expressed as 



Zcr 



OJ. 



V- 



hence 



s 



k "2 cA 

Because the roots of C ’ ^ ) are negative and 

d 

and so .‘b 
n 



real )’ and so ^ 



{ 



2, o~ 



Equation 11.12 gives the best Q sensitivity which can be 
obtained. Therefore the RC-NIC circuits are not suitable for 
high Q realization. 

Another important factor concerns the sensitivities with 
respect to passive element variations. 

If the circuit is to be integrated this becomes very 
important because the tolerances of diffused integrated cir- 
cuit resistors vary between 10% - 20%. Also the temperature 
coefficients of integrated resistors are of the order of 
1000 - 3000 ppm/C ° . However if the circuit function of an 
active RC network can be made to depend on resistance ratios 
instead of absolute resistance values, then it is possible 
to achieve 1% ratio tolerances in integrated realizations 
[35]. Furthermore resistors will track each other with tem- 
perature. The passive element values must also be carefully 
chosen so as to be suitable for integration. 
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Reasonable resistor values lie betv;een lOOfl to 30 KfJ 
[35]. Capacitor values lie typically between 500 pF to 
5000 pF [36] in monolithic semiconductor design, but lower 
values of the order of 10 to 100 pF are possible with metal- 
semiconductor technology. 

E. IC OPERATIONAL AMPLIFIER 

Since the operational amplifier is the basic active build- 
ing block of all circuits described in this thesis it is 
necessary to discuss practical operational amplifiers in more 
detail than was done in the introduction. For example, in a 
practical operational amplifier one of the significant char- 
acteristics is input offset voltage. In a practical amplifier, 
a finite output voltage appears even though the input termi- 
nals are shorted together. This is undesirable as it degrades 
common mode rejection. In practice it leads to limiting of 
the output signal sv/ing. The DC input voltage that causes 
the output to go to zero is called the input offset voltage. 

Its value is usually given in data sheets for room temper- 
atures. For other environments, it has -to be determined 
experimentally . 

The amplifier's finite input impedance is another source 
of error. Each input requires a small bias current and this 
current is not the same for both inputs. The difference is 
expressed as input offset current, and it is specified rela- 
tive to the average input bias current. Another important 
deviation from the ideal is the change in voltage, current 
and gain levels with temperature, and this is called drift. 
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Further, input impedance is defined separately for differ- 
ential and for common mode operation. Differential input 
resistance is defined as the resistance into either input 
terminal with the other terminal grounded. Common mode 
resistance is the resistance between inputs and ground with 
both inputs shorted together. Common mode input resistance 
is usually high (?0Mri.to 100M^r[37]) and can be assumed 
infinite in most cases. However, the differential input re- 
sistance may be low as a few thousand ohms, and does affect 
the closed loop gain. Output resistance is the resistance 
seen looking into the output ' terminal with the output voltage 
signal at zero. Its value is usually about one hundred ohms. 

The open loop voltage gain is the ratio of the maximum 
output swing to the change in input voltage needed to drive 
the output from zero to this maximum. Ideally the gain from 
one input to the output should be equal and opposite to the 
gain from the other. If the same voltage v/ere applied to 
both inputs, the output should remain zero. In practice equal 
changes in both inputs produce an output. Common mode rejec- 
tion ratio is the ratio of differential mode gain to common 
mode gain. 

Maximum output power usually occurs at some output voltage 
below the rated maximum. Maximum output power is the product 
of the voltage at this point and the maximum output current. 
The maximum voltage that can be applied at either input of 
the amplifier with respect to ground is the input voltage 
range. Exceeding the specified input voltage range can dam- 
age the amplifier. 
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The most important characteristic v.’hich deviates from the 
ideal one is the open loop frequency response, which is now 
discussed . 

1 . Open Loop Gain 

The open loop gain of a practical operational amplifier 
is a function of frequency. It can be approximated by the 
expression 






A 



( 11 . 13 ) 



where , (O 2 , and are called the break points of the 



characteristic. The Bode plot of Eqn. 11.13 is shov/n in 
Fig. 11.18 with solid lines. 

The closed loop gain of a single loop negative feed- 
back system was given in the section on stability as 

rteCA 



H(s) ^ 



1 -I- 



The loop gain was defined as A^(to)-y'3 and may be expressed in 
decibels 

zo L...J [o,C»)/l = - 2.0 I— j I’ /r-) 



and the magnitude of this loop gain is shown on Fig. 11.18. 

As may be seen the loop gain has a crossover frequency 

w with the slope of 12 db/oct. , therefore the feed- 

° (uncomp. ) 

back system is unstable by Bode ' s criterion. If the amplifi- 
er's open loop gain is compensated as shown with dashed lines 
in Fig. 11.18, then the rate of closure, i.e., the difference 
of slopes of 20 log(^) and 20 log A^(s) , or the slope of the 

loop gain at the new crossover frequency w would 

° ( comp . ) 
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Figure 11.18 Frequency Response of an Operational Amplifier 



become less than 12 db/oct. and the system becomes stable. 

As a conclusion then the open loop gain of an operational 
amplifier must be compensated before one attempts to design 
an active RC network. 

2 . Compensation of Open Loop Gain 

There are two methods of compensating the open loop 
gain of an operational amplifier namely internal and external 
compensation. The practical operational amplifier in general 
is provided v/ith at least one terminal where additional net- 
work elements can be connected for internal compensation. 
Consider such an operational amplifier shown in Fig. II. 19a. 
If an external capacitor C^^ is connected as shown then the 
open loop gain becomes 

p (.-.)= 

where - ],/R^Cj^. By adjusting the value of the capacitor 
C^ it is possible to choose the break point such that 
at the loop gain became less than unity. This compen- 
sation gives the dashed curve shown in Fig. 11.18. Another 
internal compensation scheme is shovm in Fig. II. 19b. This 
compensation gives an open loop gain 

C , ) f? ( b 4 , ) 

where = l/R^C^ , = 1/ ( R^^+R 2 ) and so ^^2 ^ ‘'^cl ’ 

If m ^2 is chosen to be equal to the compensated open loop 
gain will have a slope of 6 db/oct. from to CO 2 . A 

proper selection of assure that the 0 db crossover 

frequency occurs at 6 db/octave slope. 
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Figure 11.19 Internal Compensation of Open Loop Gai 
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Another method of compensation is external compensa- 
tion, which consists of connecting an RC compensating network 
between output and input as shown in Fig. 11.20. Here, the 
frequency response of the closed loop given is modified to 
ensure the stability. Consider for example the voltage 
inverter shown in Fig. 11.20. 




Figure 11.20 Externally Compensated Voltage Inverter. 

The closed loop gain is 

where = 1/Rj^Cj^. If Cj^ is chosen such that the breakpoint 
associated with occurs before the crossover frequency 

then the rate of closure becomes 6 db/octave and 

(uncomp . ) 

a stable closed loop operation is obtained. 

3 . Fairchield yA741C IC - Operational Amplifier . 

In the experimental part of this thesis the Fairchield 
yA741C integrated operational amplifier is used to realize the 
active RC netv7orks. One reason for selecting this amplifier 
is that it is internally compensated by the manufacturer. 
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making it unnecessary to compensate by any of the previously 
mentioned methods. The specification sheet for the opera- 
tional amplifier is presented in Appendix II. The open loop 
frequency response of the particular amplifier were measured 
with the setup shown in Fig. 11.21, and they are found quite 
in agreement with the manufacturer's specification as shown 
in Fig. 11.22. 

4. Sensitivity Considerations in Networks with Opera- 
^ional Amplifiers' 

The relation between the sensitivity function and 
the pole and zero sensitivities of a network function has 
been mentioned in Section II -C which is now repeated: 



T( :>') 
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(11.14) 



It is well known that one of the major concerns in active RC 
network synthesis is that of minimizing the sensitivity 
function Eq. 11.14, 

One method of minimizing network sensitivity consists 
in judicially selecting the zeros (z^) and poles (Pj) of the 
network function. To illustrate this consider the network 
function given below 



”1" ( ^> ) — |< ^ ^ — K ( ^ ~ ^ ^ ^ ^2.) - K ^ 



(11.15) 






DCM 

The sensitivity of T(s) to a network parameter is according 
to Eqs. 11.14 and 11.15. 
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Figure 11.21 



Setup for Measuring the Open Loop 
Frequency Response . 
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Figure 11.22 The Open Loop Voltage Gain of the 

Particular yA741 Operational Amplifiers 
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where A(s) 



R (s') 

( 5 - ? , ) ( s - ? , ') ( s - ) ( b - "* ) 

k '' 

p/ 

H- /v'(^) ( ^ - --p* ) H ' rvJ (i) ( s - ) 

k ^ K 



In the neighborhood of pole frequency the term ^ ^ ^ 

dominates and the sensitivity function can be approximated by 
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For s — , Eqs . 11.16 and 11.17 can be equated. 



(11.17) 
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For a high Q filter 









Thus 



or 



S 



T(i^) 



fl P. 






3t: > 



<r 



I 

The following observations can be made about the above 
relation: 

(1) Sensitivity function is proportional to Q 
hence it is desirable to obtain a transfer function with the 
lowest possible Q. 

(2) Sensitivity function tends to be higher for 

2 . 

low frequency applications because of the factor in the 
denominator . 

(3) The zeros z^^ and Z 2 should be as far as 
possible from the pole Pj , because this maximizes 

1 (Pj^-Zj^) (pj^-Z 2 ) [ and so minimizes . However this free- 

dom of choosing z^, Z 2 and p^^^ usually does not exist, because 
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the poles and zeros are determined by the desired circuit 
function T{s). In view of Eq . 11.14 and these remarks, the 
pole and zero sensitivities should be minimized independently. 
In particular, pole sensitivities should be minimized to 
ensure stability. 

The pole sensitivity with respect to a 
variable parameter is 



-I’ 



ci k" / K 



Hence the drift of 



The total drift of 
parameter is 



. th 



pole due to the variation of k is 
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j pole due to variations of all netv;ork 









(11.18) 



where r is the total number of resistors R. , where c is the 

total number of capacitors c^ , and where a is the total 

number of active elements A. in the network. The effect of 

1 

active element gain A^ can be lumped into one equivalent 
active device A. Since integrated circuits have very good 
’component tracking capabilities it is valid to assume that the 
passive element variations are uniform. Thus Eq. 11.18 can 
be rewritten as 
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— (i=l , 2 , • * • , r) and similarly for C. Three 



new functions are novi/ defined 
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It is possible to calculate the term ^ < 

<-■( 

performing frequency scaling on the network, without 

changing its admittance level, such that LO^=aoj . The new 

pole location p' ^ p '-cip • Because A and R are not 

' / <f U 

functions of u) , they do not change, hence dA/A = dR/R = 0 
when to changes to u>' . However the admittance of C changes 
from its old value of cjC to its new value of awC. In order 
to keep the admittance level of C unchanged, a new capacitor 
value C - A»- is needed. The values 
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are substituted into Eq . 11.19 yielding 
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and so 









Then Eq. 11.19 is rewritten 
^ p c' ^ 
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It is also possible to calculate the term ^ by 
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performing admittance scaling on the network without changing 



the frequency level, such that V ^ 
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p'. r. P ( d p. =o1 . Lc - cO . Because A has no dimension dA/A“0 

for admittance scaling. - aY - ^ / K hence 

^' = \^ / C.K. . y"=. ciV lo cx C hence c'-aC . The values 
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are substituted into Eq . 11.20 yielding 
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Then Eq. 11.20 is rewritten 
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By substituting for S , the pole drift is obtained 
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From Eq. 11.21 the direction of the change 

in pole locations due to gain A or passive elements (R, C) 

d. P d. C 

variations can be found. Assume (— + ~)= 0/ 
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Because dA/A is a real number for low 




Pj ^ 

A A 



frequencies 







( 11 . 22 ) 



Eq . 11.22 implies that the directional variation of pole 
location dp^ due to the variation of A is equal to the argu- 
ment of the sensitivity function with respect to A. On the 
other hahd assume dA/A = 0, when dp. = -p . . Then 

j J j + ir because ^ ^ positive real 

number. This implies that the directional variation of pole 
location due to the passive element changes are in a direction 
radial with the origin. If the pole sensitivity is minimized 
the equality 



„.p (M 
' fl H ' 1 ^ « 



cl d.. 






(II .23) 



must be satisified. 

a. Pole Desensitization 

Eq. 11.23 provides three techniques for pole 
desensitization [38] . 

(1) Technique 1 . Pole desensitization is ob- 
tained by designing the network in such a way that the passive 
pole displacement is compensated by the active pole displace- 
ment [39] . That is 




(II .24) 
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This method is shown in Fig. 11.23. 




Figure 11.23 Pole Desensitization by Technique 1 

This technique is somewhat complicated since the chosen 
feedback configuration depends both on the physical prop- 
erties of the active and passive components being used and 
on the location of the particular pole being desensitized. 

The requirement imposed by Eq. 11.24 is restrictive enough 
to limit severely the choice of network configurations capa- 
ble of satisfying both Eq . 11.24 and the characteristics of 
the desired network function simultaneously. This method is 
not suitable for network synthesis with operational amplifiers 
since the gain characteristics of the amplifiers must be 
individually controllable or variable with ai'nbient variations 
which they usually are not. 

(2) Technique 2. In the second desensitization 
technique, the network configurations used are those, whose 
critical pole sensitivities depend only on the passive network 
elements. For some structures the pole sensitivity with 
respect to the active elements can be made arbitrarily small. 
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Then the poles are desensitized by using resistors and 
capacitors with uniformly equal but opposite temperature co- 
efficients. Hence 



This 



o 



le 



desensitization 



^ — ~ o 

e. 

is shown in Fig. 



II .24 
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Figure 11.24 Pole Desensitization by Techniques 2 and 3. 

Typical network configurations for this technique are the 
negative - feedback configurations, and unity gain forward 
feedback configurations [38]. In both cases the pole sensi- 
tivity to A can be made arbitrarily small by the use of ampli- 
fiers with high loop gain. Thus operational amplifiers are 
ideal for this technique. 

(3) Technique 3 . In this technique the pole 
sensitivities are dependent on both active and passive compo- 
nents as in the technique 1. The sensitivity with respect to 
passive element is again minimized by using resistors and 
capacitors with uniformly equal but opposite drift character- 
istics. However in this technique the sensitivity with respect 
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to active element is not minimized, but the drift of the 
active element gain is minimized. Hence 



cLil 
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d iZ 



C 



= O 



The desensitization scheme is same as shown in Fig. 11.24. 

The active element can be stabilized by a 
local negative feedback network consisting of passive compo- 
nents with good tracking properties. Since the stabilization 
is much more effective with high open loop gain of the active 
element, the operational amplifiers are also ideal for this 
technique. But since available closed loop gain of an ampli- 
fier is greatly reduced by local stabilizing netv/ork, in high 
Q applications more than one amplifier may be required. 

Since there is no limitation on pole sensitivity with respect 
to active elements, this technique gives more freedom for 
choosing the network configuration to be used. 
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III. INFINITE GAIN SYNTHESIS TECHNIQUES 



A. INTRODUCTION 

In the preceding chapters, the advantages of using oper- 
ational amplifiers in the synthesis of active RC networks 
were indicated and the theory of operational amplifiers was 
discussed. Particular mention v/as made of the yA741C opera- 
tional amplifier. 

In the past ten years a great many synthesis techniques 
with operational amplifiers have been proposed and experi- 
mental results are given in the literature. The number of 
proposed circuits is quite large and there is need to clas- 
sify them and for a common theory. The purpose of this thesis 
is to give such a classification and evaluation based on a 
common theory. Circuits are classified with respect to the 
nuniber of amplifiers in the circuit. For the single opera- 
tional amplifier circuits a subclassification has been made 
with respect to the number of feedback paths. 

B. SINGLE OPERATIONAL AMPLIFIER SYNTHESIS 

1 . General 

In the active RC network synthesis with a single 
operational amplifier, the most general circuit configuration 
is shown in Fig. III.l. The RC network in Fig. III.l can be 
considered to be a six terminal feedback netv;ork . The input 
signals to the RC netv/ork are and . The feedback signal 
to the RC network is and the output signals are and . 
The feedback network can be a single netv^ork terminated in 

the negative input of the operational amplifier or it can 
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Figure III.l The General Configuration of Single 
Operational Amplifier Active RC Circuits 



consist of a number of networks terminated in both inputs. 

It is appropriate to separate the synthesis problem into 
two parts . 

a. Single feedback synthesis. 

b. Multiple feedback synthesis. 

These methods will now be discussed. 

2 . Single Feedback Synthesis 

The general circuit configuration for a single feed- 
back network based on Fig. III.l can be shown as in Fig. 

III. 2. In general, the two input circuits and one feedback 
circuit might be active RC, or passive RC circuits. However 
since the single operational amplifier realizations is con- 
sidered, it is convenient to make these netv;orks passive RC 
two ports . 

The input and output relations of these RC networks 
can be expiressed by their two port admittance parameters as 
below: 
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Figure III. 2 The General Single Feedback Operational 

Amplifier Circuit. 



1 = ui V, 4 V 

I, = LI -t- 4 V, 



i = H V + V' 
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= L) V 1- 4 \f 
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(III . la) 
(III . lb) 
(III .2a) 
(III .2b) 
(III . 3a) 
(III . 3b) 



Since the input impedance of an ideal operational 
amplifier is infinite, 



=k - 4 



Hence from Eq. III. 2b 
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(III .4) 



78 



and also I, =-I . Then by equating the Eqs . III. lb 

and III . 3a 
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(III. 5) 



As can be seen from Fig. Ill . 2 

C l »i d 

Therefore tlie Eq . Ill, 5 can be rewritten as 
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Since tha gain of the operational amplifier is ideally 
infinite =. o , and with Eq . III. 5 
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Then by substituting the above into Eq. III. 6 
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By making ^220 second terra of the Eq. III. 7 

can be removed. Then the voltage transfer function of the 
circuit becomes 



I Vo ^2.1 

' c^>) -7- 



(Ill . 8) 
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After making Y 22 C final circuit configuration 

is shown in Fig. III. 3. 

Since the input and the feedback networks consist of 
linear, lumped, passive RC elements, the transfer function 
Eqn. III. 8 is a rational polynomial in s. For a given 
voltage transfer function T(s) = Q(s)/N(s) to be realized. 
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Figure III. 3 The Final Single Feedback Circuit 

Q(s) is assigned as the numerator polynomial of - 
and N(s) is assigned as the numerator polynomial of - y-,-, (s) . 

Then the passive RC network synthesxs techniques discussed 
in the second chapter can be used. 

The above technique is one of the earliest and most 
frequently used methods in active RC network synthesis using 
one operational amplifier [2,14,26,40,41,42], 
a. Sensitivity Considerations 

In the foregoing development of the transfer 
function of single feedback synthesis the ideal operational 
amplifier characteristics were assumed. Now the effect of 
the finite gain and finite input impedance will be investi- 
gated. For this purpose, a more realistic network 
configuration is given in Fig. III. 4, In this figure the 
amplifier is assumed to have a finite gain of A^(s) and the 
finite input admittance y^^ has been added external to the 
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Figure III. 4 Single Feedback with a Nonideal Operational 

Amplifier. 



amplifier. Since the analysis is made with no load the output 
impedance can be included in network, N^. 

For Fig. III. 4 in addition to the two port admit- 
tance relations of N^ and Nj^, the following relations are 
valid. 



X- = V. 



1,-13. 3 , 



V. - 



R (5)V, 



The corresponding voltage transfer function is 
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(III. 9) 



The term with A (s) in the denominator above 

o 

represents an error terra due to the finite gain and the 
input impedance of the operational amplifier. Because the 
parameters ^22b known until the synthesis 

procedure is complete, it is not possible to predict and 
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eliminate this error at the start, 
of the single feedback technique, 
by judiciously selecting the y22h' 
From Eq. I I I. 9 



This is one disadvantage 
The error can be reduced 
as will be seen nov;. 
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where Q(s), N(s), P(s) and D(s) are the polynomials defined 
in three terminal RC synthesis techniques and were mentioned 
in Section II. A. The error term must be kept small near the 
zero frequencies of the polynomial N(s) . Thus if the roots 
of P(s) are chosen near to the roots of N(s) the error 
becomes negligible. 

As has been mentioned before it is not possible 
to know the error at the start of the' synthesis procedure. 
Further, it is not possible to investigate the pole or Q 
sensitivities of the polynomial N{s) when the unknown error 
is present. However the sensitivity of T(s) = V^(s)/V^(s) 
can be found with respect to amplifier gain or admittance 
polynomials Q(s), N(s), P(s) and D(s) as follows; 
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